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Abstract 
The objective of this study is to investigate the thermomechanical cracking problem between the friction surface and the interior 
of the vehicle brake disc. Analytical model was considered for a semi-infinite solid subjected to the thermal loading of an 
asperity moving with a high speed. The temperature field and the thermal stress state were obtained. Analytical result showed 
that the dominant stress cracking of friction brake is thermal stress and cracking location is dependent on the friction coefficient 
of contact and the Peclet number. Friction and Peclet number influence the thermomechanical cracking of friction brake disc. On 
the basis of analytical results, thermomechanical cracking model was proposed. 
© 2013 The Authors. Published by Elsevier Ltd.  
Selection and peer-review under responsibility of The Malaysian Tribology Society (MYTRIBOS), Department 
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Nomenclature 
G elastic modulus (Pa) 
K  thermal conductivity (W/m K) 
Pe  peclet number (Vc/k) 
Po maximum contact pressure (Pa) 
g G(1+Q ) VfD  c/(1-Q )k 
h thermal convectivity 
k thermal diffusivity(m2/s) 
D   linear expansion coefficient(K-1) 
P  frictional coefficient 
Q  poisson’s ratio 
I  dimensionless temperature field (K) 
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1. Introduction 
Friction brake disc is widely used to generate a retarding force by converting mechanical energy to thermal 
energy and to act as a storage and dissipation element for thermal energy. When friction brake disc is sliding contact 
under severe loading conditions, local high temperature may occur as a result of excessive frictional heating near the 
contacting surface. Because of a combination of thermal heating and the mechanical loading, and numerous cracks 
are frequently found on the surfaces of brake disc. This crack, called thermo-mechanical cracks or heat checks has 
contribution to excessive wear and fracture of the brake system. 
Many studies about the brake disc thermo-mechanical coupling analysis have been done [1-4]. Mow and Cheng 
[1] analyzed an analytical solution to the thermal stress in an elastic-half space and found that the predominant 
thermal stress on the surface approximately proportional to the temperature. A study by Ju et al. [2-4] reported 
cracking of a bearing seal. In another study by Kennedy and Karpe [5] analyzed thermo-cracking mechanism of a 
mechanical face seal by using finite element techniques. A recent study has been carried out to analyze the thermal 
conditions leading to surface rupture of cast iron rotors using mathematical and computer analyses, as well as road 
test experiments, relationships for predicting the temperature and thermal stress response of the rotor are developed 
for braking in a single stop [6]. Furthermore, a study by Belhocine et al. [7] a numerical simulation of the thermal 
behavior of a full and ventilated brake disc of the vehicle in transient state using computer code ANSYS. In the 
results the simulation are satisfactory when compared with those of the specialized literature. The theoretical 
analysis on the friction heating effect on the propagation of surface crack under Hertzian contact loading based on 
the fracture mechanics [8] has shown that the thermal loads, Peclet number and crack angle are very important 
factor on the propagation of surface crack.   
In this study, we consider the moving frictional heat source deals with thermo-mechanical cracking at the 
frictional contact of break disc. On the theoretical analysis, a semi-infinite solid subjected to the thermo-mechanical 
loading supplied externally with the Hertzian contact moving with a constant speed was considered. 
2. Analytical procedure [9] 
Fig. 1 shows the analytical model and the coordinate system used in this analysis. The Hertzian pressure 
distribution is moving with constant velocity V on semi-infinite elastic surface. Here, the origin is the center of the 
Hertzian distribution with contact length 2c and the negative y1 direction is downward.  
 
 
Fig.1. Analytical model and coordinate system 
In Fig. 1, the pressure distribution )( 1xP , and traction  )( 1xT  are 
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The frictional heat )( 1xQ generated is given Eq. (2) and assumed plane strain state; 
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The dimensionless variables used for the theoretical analysis are defined as follows, 
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2.1. Particular Stress Solution 
For the solution of particular stress field under the contact surface, Duhamel-Neumann’s stress-displacement equation is given 
as Eq. (3) 
 
ijijkkijjiij TGuuuG GDOGOV 0,,, )23()(         (3) 
 
where G , O  are Lame's constant. jiu ,  represents ji uu / . 
After Eq. (3) is taken the dimensionless form, each stress components is represented as Eq. (4) 
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By using the temperature field, the impulse particular stress solution with unit pressure is obtained the following form 
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2.2. Complementary Stress Solution 
The complementary stress solution under contact surface can be obtained from the function as Eq. (6). 
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02  :        (6) 
 
ȍ is Airy’s stress function and each complementary solution is represented by the secondary order of partial differential of 
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In Fig. 1, the boundary conditions are given as Eq. (8) by the contact pressure and the frictional pressure from it. 
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Complementary stress solution can be obtained as follows. 
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2.3. Stress field 
With the particular solution Eq. (4) and the complementary solution Eq. (9), the dimensionless stress field P(x) is 
given as Eq. (10)  
 
1),()0,(),()(
),()0,(),()(/
11),()0,(
),()(),()(/
1),()0,(),()(/
1
1
1
1
1
10
0
1
1
110
0
1
1
10
0
!
 
d
 
d 
³³
³³
³
³³
³³
f


f

f

xdtytxtHdtytxtP
dtytxtHdtytxtPP
xdtytxtH
dtytxtPdtytxtPP
xdtytxtHdtytxtPP
c
ij
c
ij
P
ij
xP
ijij
c
ij
c
ij
P
ij
x
ij
c
ij
c
ijij
GVIGV
GVIVGV
GVI
GVVGV
GVIVGV
  (10) 
590   Sang-Woo Kim et al. /  Procedia Engineering  68 ( 2013 )  586 – 592 
3. Results and discussion 
Stress fields, Eq. (10) were obtained by using Romberg Integral Method. Typical friction test of commercial 
vehicle brake disc shows the friction coefficient value of 0.4. On the basis of this experimental results of brake test 
we calculated the stress fields for ȝ=0.4. For comparison, we computed the friction coefficient ȝ=0.1 and 0.7 values 
correspond for the boundary lubrication and unlubricated condition, respectively. We also used three values of 
Peclet number to discuss the influence of Peclet number on the location of the maximum thermomechanical stress as 
well as the problem of frictional dependence. Recently cast iron is widely used in the friction brake system. By 
using the material properties of cast iron and actual vehicle's speed we computed the stress fields for Pe=3.83, 38.3 
and 153.3 which corresponds to vehicle speed 10km/h, 100km/h and 400km/h, respectively. Kennedy and Karpe [5] 
showed the connection between the predicted plastic deformation in the contact and the incidence or thermo 
cracking. It is known that if a localized region is deformed plastically in compression, but surrounded by a large 
elastic region and the condition causing the plastic deformation is released then residual stresses are set up in the 
deformed region which is tensile in nature [6]. If the amount of plastic deformation in the local contact is very large, 
then the tensile residual stresses could be very large. Thus tensile cracks could be initiated. Plastic deformation can 
be predicted by the von Mises yield criterion,         . 
We estimated the possibility of surface cracking on the basis of Von Mises yield criterion. Fig. 2(a - c) show 
distribution of Von Mises Parameter        for Pe=3.83, ȝ=0.4 and for Pe=3.83, ȝ=0.7 respectively. As can be seen in 
Fig. 2(a) maximum value of        is approximately located at the surface of contact and at the center of contact 
width(x=0.0). Fig. 2(b) represents the effect of friction coefficient of contact. 
The value of          for ȝ=0.4 is much larger than that of ȝ=0.1 and the maximum value of          for ȝ=0.4 is 
located at the point of x=0.05. Fig. 2(a) and (b) show the effect of increasing the friction to 0.1 and 0.4. Fig. 3(a-c) 
represent the results for Pe=153.3, ȝ=0.1, Pe=153.3, ȝ=0.4 and Pe=153.3, ȝ=0.7. Fig. 3(a) shows that the maximum 
value of       is located at the surface and at the point of X=0.4. Comparing to the results of Pe=3.83 (Fig. 2(a),) the 
point is positioned at the right side. Fig. 3(b) shows that the value of          is much higher and maximum value of 
that is located at the trailing edge(x=1.0). Fig. 3(a) and (b) show the effect of increasing the Peclet number from 3.83 
to 153.3. Small Peclet number means low sliding velocity and high quantity of transferred frictional heating at the 
contact area. Therefore transferred frictional heat into subsurface of contact area contributes to the crack propagation 
[8]. Consequently, when the mechanical and thermal properties of contact surfaces under sliding friction are 
considered, Peclet number plays a very important role in the propagation of surface crack under friction. 
From Fig. 2 and 3 it is found that the region of maximum yield parameter moves toward the trailing edge of 
contact surface in both cases as the friction and Peclet number increase. We also computed the Von Mises Parameter 
for Pe=38.3 and summarized in Table 1. 
                                               Table 1. The Maximum Values of              and Their Positions 
 83.3 H  3.38 H 3.153 H  
ȝ=0.1 
0.597 0.610 0.663 
X=0.0 X=0.2 X=0.4 
ȝ=0.4 
1.058 1.307 1.852 
X=0.05 X=0.7 X=1.0 
ȝ=0.7 
1.572 2.140 3.161 
X=0.15 X=0.8 X=1.0 
 
If a surface crack initiated in the region of residual stress, it would tend to relieve the residual strain energy, 
lowering the residual stress around it. Thus, a contact region move to a good distance away from a surface crack 
before building up a residual stress level sufficient to generate another crack. Fig. 4 shows schematic representation 
of surface cracking procedure due to thermo-mechanical loading. As contact region moves to the right, it is 
deformed and the strain energy of material under the contact region is stored. When the total strain energy becomes 
equal to or exceeds the critical strain energy corresponding to failure stress of the material, a crack forms and grows. 
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As the crack is growing, the strain energy stored under the contact region will be released and the growth of the 
crack will stop. The incubation period of strain energy accumulation for other crack generation will be required. 
 
 
 
Fig.2. Distribution of Von Mises Parameter                           Fig.3. Distribution of Von Mises Parameter  
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   (a) Deformation of contact region and strain energy storage        (c) Incubation of strain energy storage for 2nd crack generation 
 
 
 
 
 
 
 
 
 
   (b) 1st crack generation and propagation, strain energy release        (d) After 2nd cracking 
 
Fig.4. Schematic representation of multiple surface cracks 
4. Conclusion 
Thermomechanical cracking in a friction brake disc was modeled as a semi-infinite solid subjected to the 
thermomechanical loading of an asperity moving with a high speed. It was found that thermomechanical cracking 
location moves toward the trailing edge of contact surface and becomes more intense as friction and Peclet number 
increase. Friction and Peclet number influence the thermomechanical cracking of friction brake disc.  
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